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Abstract. We show that near closed points with linearly reductive stabilizer, 
Artin stacks are formally locally quotient stacks by the stabilizer. We conjecture 
that the statement holds etale locally and we provide some evidence for this 
conjecture. In particular, we prove that if the stabilizer of a point is linearly 
reductive, the stabilizer acts algebraically on a miniversal deformation space 
generalizing results of Pinkham and Rim. 



1. Introduction 

This paper was motivated by the question of whether an Artin stack is "lo- 
cally" a quotient stack by the stabilizer. While this question may appear quite 
technical and stacky in nature, we hope that a positive answer would lead to 
intrinsic constructions of moduli schemes parameterizing objects with infinite 
automorphisms (eg. vector bundles on a curve) without the use of classical geo- 
metric invariant theory. 

We restrict ourselves to studying Artin stacks X over a base S near closed 
points ^ € 1^1 with linearly reductive stabilizer. 

We conjecture that this question has an affirmative answer in the etale topol- 
ogy. Precisely, 

Conjecture 1. If X is an Artin stack finitely presented over an algebraic space 
S and ^ G \X\ is a closed point with linearly reductive stabilizer with image 
s £ S, then there exists an etale neighborhood S' ^ S,s' s and an etale, repre- 
sentable morphism f : [X/G] X where G ^ S' is a flat and finitely presented 
group algebraic space acting on an algebraic space X ^ S' such that the groups 
^'^^x{k){x) (^^d Gxgrk are isomorphic for any geometric point x G X{k) represent- 
ing ^. There is a lift of ^ to x : Spec fc — > X such that f induces an isomorphism 
G^^ Kntx(k){f{x)). 

For example, if S" = Spec A: and x £ X{k), Conjecture [T] implies that the sta- 
bilizer Gx acts on an algebraic space X fixing some point x and there exists an 
etale, representable morphism / : [X/Gx] X mapping x to a: and inducing an 
isomorphism on stabilizer groups. 

There are natural variants of Conjecture [1] that one might hope are true. One 
might desire to find a presentation [X/Gx] X with X affine over S; in this 
case, one would have that etale locally on X, there exists a good moduli space. 
One might also like to relax the condition that Gx is linearly reductive to ge- 
ometrically reductive. However, some reductivity assumption on the stabilizer 
seems necessary (see Example l3.10D . 

Conjecture [1] is known for Artin stacks with quasi-finite diagonal (see Section 
13.11 ). By a combination of an application of Sumihiro's theorem and a Luna's slice 
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argument, this conjecture is true over an algebraically closed field k for global 
quotient stacks [X/G] where X is a regular scheme separated and finite type over 
k and G is a connected algebraic group (see Section [3^ . This conjecture is also 
known by Luna's etale slice theorem ( llLun73ll ) over Spec k with k algebraically 
closed for global quotient stacks [Spec^/G] where G is linearly reductive. 

However, the conjecture appears to be considerably more difficult for general 
Artin stacks with non-finite stabilizer group schemes (eg. GJ^, PGL„, GL„,...). 
For starters, there is not in general a coarse moduli scheme on which to work 
etale locally. Second, if G ^ Specfc is not finite, an action of G on Spf^ for a 
complete local noetherian fc-algebra may not lift to an action of G and Spec A 
(consider Gm = Spec A; [t]^ on Spf k[[x\] hy x ^ tx) so that for certain deformation 
functors where one may desire to apply Artin's approximation/algebraization 
theorems (such as in the proof of IIAOVOSi Prop 3.6]), formal deformations may 
not be effective. 

While we cannot establish a general etale local quotient structure theorem, 
we establish the conjecture formally locally: 

Theorem 1. Let X hea locally noetherian Artin stack over a scheme S and ^ G |Af | 
he a closed point with linearly reductive stabilizer. Let '-^ X be the induced 
closed immersion and Xn be its nilpotent thickenings. 
(i) If S = Spec k and there exists a representative x : Spec k X of ^, then 
there exists affine schemes Ui and actions of Gx on Ui such that Xi = \Ui/Gx\- 
If Gx Spec k is smooth, the schemes Ui are unique up to Gx equivariant 
isomorphism. 

(ii) Suppose x : Spec k ^ X is a representative of ^ with image s G 5 such that 
k{s) ^ k is a finite, separable extension and Gx Spec A: a smooth, affine 
group scheme. Fix an etale morphism S' ^ S and a point s' G S' with 
residue field k. Then there exists affine schemes Ui and linearly reductive 
smooth groups schemes Gi over S'^ = SpecC'5/ s'/m","^^ with Gn = Gx such 
that Xn X s S' = [Ui/Gn]- The group schemes Gn S'^ are unique and the 
affine schemes Un are unique up to Gn-equivariant isomorphism. 

This theorem implies that the stabilizer acts algebraically on a miniversal de- 
formation space of ^ and this action is unique up to -equivariant isomorphism. 

After this paper was written, the author was made aware of similar results 
by Pinkham and Rim. In IIPin74L Pinkham shows that if G„t acts on an affine 
variety X over an algebraically closed field k with an isolated singular point, 
then the deformation space of X inherits a Gm-action. In [RimSO], Rim showed 
that for arbitrary homogeneous category fibered in groupoids, if the stabilizer 
is a linearly reductive algebraic group, then the stabilizer acts on a miniversal 
deformation. 

Both Pinkham and Rim follow Schlessinger's approach of building a versal de- 
formation and show inductively that choices can be made equivariantly. We use 
an entirely different method. Following the techniques of HAOVOSII . we use a sim- 
ple (although technical) deformation theory argument to give a quick proof re- 
covering Rim's result when then category fibered in groupoids is an Artin stack. 
Our result is more general in that (1) when the base is a field, we allow for 
non-reduced stabilizer groups and (2) we can work over any base scheme. Ad- 
ditionally, Pinkham and Rim appear to give actions on the tangent space and 
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deformation space only by the abstract group of fc-valued points. Our methods 
show immediately that these actions are algebraic. 

Acknowledgments. I thank Dan Abramovich, Johan de Jong, Daniel Greb, 
Andrew Kresch, Max Lieblich, Martin Olsson, David Smyth, Jason Starr, Ravi 
Vakil, Fred van der Wyck and Angelo Vistoli for suggestions. 

2. Background 

We will assume schemes and algebraic spaces to be quasi-separated. An Artin 
stack, in this paper, will have a quasi-compact and separated diagonal. We will 
work over a fixed base scheme S. 

2.1. Stabilizer preserving morphisms. The following definition generalizes 
the notion of fixed-point reflecting morphisms was introduced by Deligne, Kollar 
( IIKol97[ Definition 2.12]) and by Keel and Mori ([TCM97, Definition 2.2]). When 
translated to the language of stacks, the term stabilizer preserving seems more 
appropriate and we will distinguish between related notions. 

Definition 2.1. Let f : X ^ yhe a morphism of Artin stacks. We define: 
(i) / is stabilizer preserving if the induced Af -morphism ip : Ix ^ ly xy ^ is an 
isomorphism. 

(ii) For ^ e 1^"!, / is stabilizer preserving at ^ if for a (equivalently any) geo- 
metric point X : Spec A; X representing ^, the fiber : ^'^'^x{k){^^ 
Aut3;(fc)(/(2;)) is an isomorphism oigroup schemes over k. 

(iii) / is pointwise stabilizer preserving if / is stabilizer preserving at ^ for all 
ee |^|. 

Remark 2.2. One could also consider in (ii) the weaker notion where the mor- 
phism ^lJ.J; is only required to be isomorphisms of groups on A; -valued points. This 
property would be equivalent if X and y are Deligne-Mumford stacks over an 
algebraically closed field k. 

Remark 2.3. Any morphism of algebraic spaces is stabilizer preserving. Both 
properties are stable under composition and base change. While a stabilizer 
preserving morphism is clearly pointwise stabilizer preserving, the converse is 
not true. For example, consider the action of Z2 x Z2 =< cr, r > on the affine 
line with a double origin X over a field k where a acts by inverting the line 
but keeping both origins fixed and r acts by switching the origins. Then the 
stabilizer group scheme Sx ^ "^2 ^ '^2 x X ^ X has a fibers (l,r) everywhere 
except over the origins where fibers are (1,0-). The subgroup H =< l,Ta > 
acts freely on X and there is an induced trivial action of Z2 on the non-locally 
separated line Y = X/H. There is Z2-equivariant morphism Y ^ (with the 
trivial Z2 action on A^) which induces a morphism [Y/Z2] [A^/Z2] which is 
pointwise stabilizer preserving but not stabilizer preserving. We note that the 
induced map [Y/Z2] is not a Z2-gerbe even though the fibers are isomorphic 

to BZ2. This example arose in discussions with Andrew Kresch. 

It is natural to ask when the property of being pointwise stabilizer preserving 
is an open condition and what additional hypotheses are necessary to insure 
that a pointwise stabilizer preserving morphism is stabilizer preserving. First, 
we have: 



4 



ALPER 



Proposition 2.4. n |Ryd07[ Prop. 3.5P Let f : X y be a representable and 



unramified morphism ofArtin stack with ly ^ y proper. The locus U <^ \X\ over 
which f is pointwise stabilizer preserving is open and f\u is stabilizer preserving. 

Proof. The cartesian square 



X^'x^yX 

implies that ^ is an open immersion and since the projection p2 : ly 'Xy X ^ X 
is proper, the locus U = X \ P2{Iy 'Xy X \ Ix) open. □ 

Remark 2.5. The proposition is not true if / is ramified: if / : [A^/Z2] [A} /'L2\ 
where Z2 is acting by the non-trivial involution and trivially, respectively, then 
V' is only an isomorphism over the origin. The proposition also fails without the 
properness hypothesis: if / : [A^/Gm] [AV^m] where Gm is acting by vertical 
scaling on A^ and trivially on A^ , then ■i/'x is only an isomorphism over the x-axis. 

The following proposition gives a criterion for a pointwise stabilizer preserving 
morphism to be stabilizer preserving. We note that it is obvious that if / is 
unramified and pointwise stabilizer preserving, then / is stabilizer preserving. 

Proposition 2.6. If f : X ^ y is a representable pointwise stabilizer preserving 
morphism ofArtin stacks and Ix ^ X finite, then f is stabilizer preserving. 

Proof Since Ix ^ X is proper, it follows that ^lJ : Ix ^ ly >^y X is proper. As the 
hypotheses imply that ip is also quasi-finite, V' is a finite morphism. Since is the 
pull back of the monomorphism Ax/y : X ^ X xy X, il^ is also a monomorphism. 
Since any finite monomorphism is a closed immersion, ^jj is a closed immersion. 
But for all x : Spec k ^ X, <px is an isomorphism and since Ix ^ X is finite, it 
follows that V' is an isomorphism. □ 

3. Evidence for Conjecture [H 

3.1. Conjecture [1] is known for stacks with quasi-finite diagonal. An es- 
sential ingredient in the proof of the Keel-Mori theorem (see IKM97[ Section 4]) 
is the existence of etale, stabilizer preserving neighborhoods admitting finite, 
flat covers by schemes. We note that the existence of flat, quasi-finite presenta- 
tions was known to Grothendieck (see IISGA31 Exp V, 7.2]. We find the language 
of llConOSII more appealing: 

Proposition 3.1. dlConOSi Lemma 2.1 and 2.2]) Let X be an Artin stack locally 
of finite presentation over a scheme S with quasi-finite diagonal Ax/s- For any 
point ^ G \X\, there exists a representable, etale morphism f : W ^ X from 
an Artin stack W admitting a finite fppf cover by a separated scheme and point 
w G \W\ such that f is stabilizer preserving at uo. In particular, W has finite 
diagonal over S. 

Remark 3.2. The stack W is constructed as the etale locus of the relative Hilbert 
stack Hilb^/;^' X where V ^ X isa. quasi-finite, fppf scheme cover. In fact, the 
morphism W ^ X is stabilizer preserving at points Spec k ^ W corresponding 
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to the entire closed substack oiV Spec A; so that every point x G has some 
preimage at which / is stabihzer preserving. If X has finite inertia, it follows 
from Proposition 12.41 that / is stabilizer preserving. In fact, as shown in HConOSi 
Remark 2.3], the converse is true: for as above with a representable, quasi- 
compact, etale, pointwise stabilizer preserving cover W ^ X such that W is 
separated over 5 and admits a finite fppf scheme cover, then X has finite inertia. 

We now restate one of the main results from HAOVOSII . 

Proposition 3.3. HIAOVOSl Prop. 3.61) Let X he an Artin stack locally of finite 
presentation over a scheme S with finite inertia. Let cf) : X ^ Y be its coarse 
moduli space and let e \X\ be a point with linearly reductive stabilizer with 
image y ^ Y. Then there exists an etale morphism U ^ Y, a point u mapping 
to y, a finite linearly reductive group scheme G ^ U acting on a finite, finitely 
presented scheme V ^ U and an isomorphism [V/G] ^ U xy X of Artin stacks 
over U. Moreover, it can be arranged that there is a representative of ^ by x : 
Spec k{u) X such that G xu k{u) and A\xix(k{u)){x) are isomorphic as group 
schemes over Spec k{u). 

Proof Strictly speaking, the last statement is not in IIAOV08II although their 
construction yields the statement. □ 

Remark 3.4. In particular, this proposition implies that given any Artin stack X 
locally of finite presentation with finite inertia, the locus of points with linearly 
reductive stabilizer is open. 

Corollary 3.5. Conjecture\l\is true for Artin stacks X locally of finite presenta- 
tion over S with quasi-finite diagonal. In fact, etale presentations [X/G] can be 
chosen so that X is affine. 

Proof Given ^ G by Proposition 13. II there exists an etale neighborhood / : 
W ^ X stabilizer preserving at some tj G |^| above ^ such that W has finite 
inertia. Apply Proposition 13 . 3 1 to W achieves the result. □ 

Remark 3.6. In fact, the conjecture is even true for Deligne-Mumford stacks with 
finite inertia which are not necessarily tame (ie. have points with non-linearly 
reductive stabilizer). This follows easily from (see IIAV021 Lemma 2.2.3] and 
IIOls06b[ Thm 2.12]. We wonder if any Artin stack with finite inertia can etale 
locally be written as a quotient stack by the stabilizer. We note that non-reduced, 
non-linearly reductive finite fppf group schemes are s,t\W. geometrically reductive. 

3.2. Examples. Here we list three examples of non-separated Deligne-Mumford 
stacks and give etale presentations by quotient stacks by the stabilizer verifying 
Conjecture [H In these examples, good moduli spaces do not exist Zariski-locally. 
We will work over an algebraically closed field with char / 2. 

Example 3.7. Let G ^ be the group scheme which has fibers isomorphic to Z2 
everywhere except over the origin wher eit is tribial. The group scheme G ^ 
is not linearly reductive. The classifying stack BG does not admit a good moduli 
space Zariski-locally around the origin although there does exist a coarse moduli 
space. The cover f : —> BG satisfies the conclusion of Conjecture [H The 
morphism / is stabilizer preserving at the origin but nowhere else. This example 
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stresses that one cannot hope to find etale charts {Xj G\ ^ X oi quotient stacks 
of linearly reductive group schemes which are pointwise stabilizer preserving 
everywhere. 

Example 3.8. (4 unordered points in up to Aut(P^)) 

Consider the quotient stack X = ^{V) / PGL2] where V is the vector space of 
degree 4 homogeneous polynomials in x and y. Let U Q X he the open substack 
consisting of points with finite automorphism group. Any point inp e U can be 
written as xy{x — y){x — \y) for A G P^. If A / 0, 1 or 00, the stabilizer is 

r - i ^\ ^\ 
As A ^ 1 (resp. A — > 0, A ^ 00), only the identity and , (resp. 



1 OWl -1 

1 -i/'lo -1 



) survive. Therefore, the stabilizer group scheme of the mor- 



phism P^ ^ Z// is a non-finite group scheme which is ^2X^2^ Pi but with two 
elements removed over each of the fibers over 0, 1 and 00 (so that the generic 
fiber is Z2 x Z2 and the fiber over 0, 1 or 00 is Z2. 

We give an etale presentation around 1. Let Z2 act on X = \ {0} via 
A 1-^ 1/A. The morphism f : X ^ ¥^,X 1-^ [xy{x — y){x — Ay)] is Z2 invariant 

where Z2 acts on P^ via the inclusion Z2 ^ PGL2, — 1 1-^ ( ^ The induced 



.1 

morphism [X/Z2] ^ A" is etale and stabilizer preserving at 1. However, it is not 
pointwise stabilizer preserving in a neighborhood of 1. The j-invariant j : U ^ 

P^, [xy{x — y){x — Ay)] 1-^ [(A^ - A + 1)^, A-'^(A — 1)^] gives a coarse moduli space 
which is not a good moduli space. 

The following example due to Rydh shows that coarse moduli spaces (or even 
categorical quotients) may not exist for non-separated Deligne-Mumford stacks. 

Example 3.9. The Keel-Mori theorem states that any Artin stack X ^ S where 
the inertia stack Ix/s ^ finite admits a coarse moduli space. The finiteness 
of inertia hypothesis cannot be weakened to requiring that the diagonal is quasi- 
finite. Let X be the non-separated plane attained by gluing two planes = 
Spec k[x, y] along the open set {x ^ 0}. The action of Z2 on Spec y]^ given by 
(x, y) ^ (x, —y) extends to an action of Z2 on X by swapping and flipping the axis 
(explicitly, if X = U1UU2, the multiplication is defined by Z2 x [/i U2, {x2, 2/2) 
{xi,-yi) and Z2 x U2 ^ Ui,{xi,yi) 1-^ {x2,-y2))- Then X = [X/Z2] is a non- 
separated Deligne-Mumford stack. There is an isomorphism X = [A^/G] where 
G = A^ U (A^ \ {0}) A^ is the group scheme over A^ whose fibers are Z2 over 
the origin where it is trivial and G acts on A^ = Speck[x,y] over A^ = SpecA;[x] 
by the non-trivial involution y ^ —y away from the origin. 

David Rydh shows in | |Ryd07[ Example 7.15] that this stack does not admit 



a coarse moduli space. In fact, there does not even exist an algebraic space Z 
and a morphism cf) : X ^ Z which is universal for maps to schemes. The above 
statements are also true for any open neighborhood of the origin. 

The following is a counterexample for Conjecture [l] if the stabilizer is not lin- 
early reductive. 
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Counterexample 3.10. Over a field k, let G ^ be a group scheme with 
generic fiber Gm and with a Ga fiber over the origin. Explicitly, we can write 

G = SpecA:[x,y]a;j/+i SpecA:[x] with the multiplication G x^i G G defined 
by y 1-^ xyy' + y + y'. Let X = [A^/G] be the quotient stack over Spec/c and 
X : Spec A: ^ ^ be the origin. The stabilizer Gx = Ga acts trivially on the tangent 
space F.j;{k[e]). The nilpotent thickening Xi cannot be a quotient stack by Ga 
giving a counterexample to Conjecture [T] and Theorem [T] in the case that the 
stabilizer is not linearly reductive. 

3.3. Conjecture [His known for certain quotients stacks. 

Theorem. Let X be an Artin stack over an algebraically closed field k. Sup- 
pose X = [X/G] is a quotient stack and x G X{k) has smooth linearly reductive 
stabilizer. Suppose that one of the following hold: 

(1) G is a connected algebraic group acting on a regular scheme X separated and 
finite type over Spec k 

(2) G is a linearly reductive algebraic group acting on an affine scheme X. 

Then there exists a locally closed Gx-invariant affine W ^ X with w e W such 
that 

[W/Gx] [X/G] 

is affine and etale. 

Proof Part (2) follows directly from Luna's etale slice theorem ( IILun73ll ). We 
note that although the results in IILun73l are stated over fields of characteristic 
0, the same arguments apply in characteristic p to smooth linearly reductive 
group schemes. 

For part (1), by applying IISum74[ Theorem 1 and Lemma 8], there exists an 
open G-invariant affine Ui containing x and an G-equivariant immersion Ui ^ 
X = F{V) where F is a G-representation. Since the action of Gx on Spec Sym* 
fixes the line spanned by x, there exists a G^-invariant homogeneous polynomial 
/ with f{x) ^ 0. It follows that F = n t/i is a G^,. -invariant quasi-affine 
neighborhood of x with i : V ^ V := (Ui) j is an open immersion and V is affine. 
If we let vr : y ^ V/ /Gx be the GIT quotient. Since V \ V and x eV are disjoint 
Gai-invariant closed subschemes, Tr{V \ V) and 7t{x) are closed and disjoint. Let 
Y C (V//Gx) \ {tt{V \ V)) be an affine containing x. Then U = 7r~\Y) is a 
Go; -invariant affine containing x. 

The stabilizer acts naturally on TxX and there exists a G^' -invariant mor- 
phism U ^ TxX which is etale since x G X is regular. Since Gx is linearly 
reductive, we may write TxX = Txo{x) © Wi for a G^ -representation Wi. Define 
the Gj; -invariant affine C [/ by the cartesian diagram 

W ^Wi 



U TxX = Txo{x) © Wi 

and let lo &Whe the point corresponding to x. 

The stabilizer Gx acts on G x via h ■ {g,w) = {gh'^, h ■ w) for h e Gx and 
{g,w) e G xW. The quotient G xg, W := {G x W)/Gx is affine. Since the 
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quotient morphism G x W ^ G xq^ W is a Ga;-torsor it follows that T(^g^e)G xq^ 
W = {TeG © T^W)/TeG^j; where T^G^ C T^G © T^W is induced via the inclusion 
Gx ^ G X W,h {h~^,h ■ w). Therefore, G xq^ W ^ X is etale at {e,w). 
Furthermore, G xq^W ^ X is affine. It follows that the induced morphism of 
stacks / : \W/Gx\ [X/G] is affine and etale at w. 

Let 4> ■ [W/Gx] Y = W//Gx be the good moduli space corresponding to the 
GIT quotient tt -.W ^Wf/G^. If Z <Z [W/G^] is the closed locus where / is not 
etale, then Z is disjoint to {w} and it follows that (j){Z) and (j){w) are closed and 
disjoint. Let F' C y is an open affine containing in y \ (f>{Z) containing (f){w) 
so that (l)~\Y') = [W'//Gx] where W = tt^^{Y') is a G^. -invariant affine. The 
morphism / : [W' /Gx] [X/G] satisfies the desired properties. □ 

Remark 3.11. In a future paper by the author, it will be shown that the same 
statement holds if X = [X/G] is quotient stack over an algebraically closed field 
admitting a good moduli space where X is an arbitrary algebraic space finite 
type over k and G is an algebraic group. 

4. Actions on deformations 

4.1. Setup. Let X he a category fibered in groupoids over Sch/S" with S = 
SpecR. 

For an i?-algebra A, an object a G X{A), and a morphism A' ^ A of i?-algebras, 
denote by F^^aiA') the category of arrows a ^ a' over Specj4 Spec A' where a 
morphism (a ^ ai) ^ (a ^ 02) is an arrow ai 02 over the identity inducing a 
commutative diagram 



ai 




012 



Let Fx,a{A') be the set of isomorphism classes of F;f,a(^')- When there is no risk 
of confusion, we will denote Fa{A') := Fx,a{A') and fa{A') = FxA"^'). 
For an A-module M, denote by A[M] the i?-algebra R®M with = 0. 

Definition 4.1. We say that X is Sl(h) (resp. strongly Sl(b)) if for every surjec- 
tion B ^ A (resp. any morphism B A), finite A-module M, and arrow a ^ h 
over Specj4 SpecS, the canonical map 

Fi{B[M]) ^Fa{A[M]) 

is bijective. (Note that we are not assuming that A is reduced as in IIArt74ll .) 

Remark 4.2. We are using the notation from IIArt74ll . Recall that there is another 
condition Sl(a) such that when both Sl(a) and Sl(b) are satisfied (called semi- 
homogeneity by Rim), then there exists a miniversal deformation space (or a 
hull) by IISch68ll and URimSOL We are isolating the condition Sl(b) and strongly 
Sl(b) to indicate precisely what is necessary for algebraicity of the action of the 
stabilizer on the tangent space. 
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Remark 4.3. Any Artin stack X over S satisfies the following homogeneity prop- 
erty: for any surjection of -R-algebras C — > B' with nilpotent kernel, B ^ B' any 
morphism of i?-algebras, and h' € X{B'), the natural functor 

(1) Xy {C Xb'B)^ Xb, (C) X Xb> (B) 

is an equivalence of categories (see HOlsi Lemma 1.4.4]). In particular, any Artin 
stack X over 5 is strongly Sl(b). 



It is easy to see that if X satisfies Sl(b), then for any i?-algebra A, object a G 
X{A) and finite A-module M, the set Fa{A[M]) inherits an A-module structure. 
In particular, for x G X{k), the tangent space Fx{k[e]) is naturally a fc-vector 
space. For any A; -vector space, the natural identification Hom(A;[e], = V 

induces a morphism 

which is an isomorphism for finite dimensional vector spaces V. 

Remark 4.4. If X is also locally of finite presentation, then this is an isomorphism 
for any vector space V since if we write V = lim Vi with finite dimensional then 

\unFx{k[Vi]) ^ F^{k[V]) is bijective. 

4.2. Actions on tangent spaces. For a G X{A), the abstract group Aut;t'(^) (a) 
acts on the i?-module Fa{A[e]) via ^-module isomorphisms: g € Autx(A)io-) 

{a : a ^ a') e Fa{A[e]), then g ■ {a ^ a') = {a ^-^ a a'). 

Remark 4.5. For example, suppose X is parameterizing schemes with Xq 
Spec^ is an object in X{A). An element g G Aut(Xo) acts on infinitesimal de- 
formations via 



X 



\ 



( 



\ Specyic ^ Spec^[e] j 



X 



\ 



\ Specie ^ Spec^[e] / 



If X G X{k) with stabilizer Gx, we have shown that there is a homomorphism 
of abstract groups 

Gxik) GL{Fx{m)){k) 

We are interested in determining when this is algebraic (ie. arising from a mor- 
phism of group schemes Gx GL{Fx{k\(^) For any A;-algebra A, let a G X(yA) be 
a pullback of x. Note that there is a canonical identification Aut;f(^)(a) = Gx{Al) 
which induces a homomorphism 

Gx{A) GL(F„(A[e]))(A) 

If A" is strongly Sl(b), then using the isomorphism A[e] A; ^ k\A\, we have a 
bijection Fx{k\A}^ Fa(A[e]). The natural maps induce a commutative diagram 
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F^{k[e\)^kA ^F-MA]) 




FaiA[e]) 

If X is locally of finite presentation over S, by Remark 14.41 the top arrow is 
bijective so that the diagonal arrow is as well. Therefore, we have a natural 
homomorphism of groups 

G,{A) GL(F,ik[e]) ®fc A){A) = GL(F,{k[e])){A) 

for any /c-algebra A which induces a morphism of group schemes Gx GL{Fx{k[e])). 

Therefore, if A" ^ 5 is locally of finite presentation and is strongly Sl(b), then 
for X e X{k), the stabilizer Gx acts algebraically on Fx{k[€]). In particular. 

Proposition 4.6. // X is an Artin stack locally of finite presentation over a 
scheme S and x G X{k), then the stabilizer Gx acts algebraically on the tangent 
space Fx{k[e]). □ 



Remark 4.7. The above proposition is certainly well known, but we are unaware 
of a rigorous proof in the literature. We thank Angelo Vistoli for pointing out the 
simple argument above. 

In llPin74[ Prop. 2.2], Pinkham states that if X is the deformation functor 
over an algebraically closed field of an affine variety with an isolated singular 
point with Gm-action, then the tangent space inherits an algebraic Gm-action. 
However, it appears that he only gives a homomorphism of algebraic groups 
Gmik) GL(T^)(fc). There can be group homomorphisms k* GL„(A;) which 
are not algebraic. 

In PRimSOi p. 220-1], Rim states that if X is category fibered in groupoids over 
the category B of local Artin fc-algebras with residue field k with X{k) = {x} 
which is homogeneous in the sense that (HI) is an equivalence for a surjection 
G' B' and any morphism B ^ B' in B, then Fx{k[e]) inherits a linear repre- 
sentation. However, he only shows that there is a homomorphism of algebraic 
groups Gx{k) GL{Fx{k[€])){k). While it is clear that there are morphisms of 
groups Gx{A) GL{F x{k[e])){A) for local Artin fc-algebras with residue field k, it 
is not clear to us that this gives a morphism of group schemes Gx GL{Fx{k[e])) 
without assuming a stronger homogeneity property. 

4.3. Actions on deformations. Let X is an Artin stack over S and suppose 
G ^ 5 is a group scheme with multiplication fi : G xsG ^ G acting on a scheme 
U ^ S via a : G xsU ^ U. To give a morphism 

[U/G] — > X 

is equivalent to giving an object a e X{U) and an arrow (p '■ '7*a over the 

identity satisfying the cocycle P23<^ ° (id x a)*(f) = x [d)*(j). We say that G acts 
on a e X{U) if such data exists. (In fact, there is an equivalence of categories 
between X{[U/G]) and the category parameterizing the above data.) 
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Remark 4.8. Suppose X parameterizes families of schemes and we are given a 
deformation of an object x e X{k) corresponding to a scheme Xq Spec/c 

p 

Spec k'^ ^ U 

If G acts on a scheme U over k, then giving a morphism [Specj4/G] ^ X is 
equivalent to giving an action of G on X compatible with the action on U. 

4.4. Action of formal deformations. Let il be a noetherian formal scheme 
over 5 with ideal of definition 2. Set Un to be the scheme (|it|, If A" is 

an category fibered in groupoids over Sch /S, one defines X{'d) to be the category 
where the objects are a sequence of arrows oq ^ ai ^ a2 ^ • • • over the nilpotent 
thickenings Uq ^ Ui ^ ■ ■ ■ and a morphism (oq ai • • • ) (oq ^ a[- ■ ■) 
is compatible sequence of arrows a-i over the identity. One checks that it if 
3 is replaced with a different ideal of definition, then one obtains an equivalent 
category. Given a morphism of formal schemes p : il' ^ il, one obtains a functor 
p* : X{ii) X{H'). 

If G ^ 5 is a group scheme over 5 with multiplication n acting on the formal 
scheme il via o- : G x ^ il ^ il such that 3 is an invariant ideal of definition, we 
say that G acts on a deformation a = {qq ^ ai ■ ■ ■) e ^(il), if as above there is 
an arrow (p '■ P^^ in X{G il) satisfying the cocycle P230 ° (id ^ '^T4> = 

{fixid)*(j). This is equivalent to giving compatible morphisms [Ui/G] X. (Given 
an appropriate definition of a formal stack [it/G], this should be equivalent to 
giving a morphism [it/G] X.) 

5. Local quotient structure 

We show that for closed points with linearly reductive stabilizer, the stabilizer 
acts algebraically on the deformation space. In other words, Artin stacks are 
"formally locally" quotient stacks around such points which gives a formally local 
answer to Conjecture [H We will use the same method as in HAOVOSII to deduce 
that all nilpotent thickenings are quotient stacks. 

5.1. Deformation theory of G-torsors. We will need to know the deformation 
theory of G-torsors over Artin stacks. We recall for the reader the necessary 
results of the deformation theory of G-torsors from HOlsOGall and HAOVOSII . 

Suppose G ^ 5" is a fppf group scheme and p : V ^ X is a G-torsor. Let i : 
X ^ X' he a closed immersion of stacks defined by a square-zero ideal / c Ox'- 
Then the collection of 2-cartesian diagrams 

v--^v' 

p I p' 

V 

X^^X' 

with p' : V' ^ X' a G-torsor form in a natural way a category. 
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Proposition 5.1. Let L^g/s denote the cotangent complex of BG S and f : 
X BG be the morphism corresponding to the G-torsor p -.V ^ X. 

(i) There is a canonical class o{x,i) G Ext^{Lf*LBG/s^I) whose vanishing is 
necessary and sufficient for the existence of an extension {i',p') filling in the 
diagram 

(ii) Ifo{x, i) = 0, then the set of isomorphism of extensions filling in the diagram 
is naturally a torsor under Ext^{Lf*LBG/s^ I)- 

(iii) For any extension {i',p'), the group of automorphisms of {i',p') (as a defor- 
mation ofV^X) is canonically isomorphic to Ext~^{Lf*L^Q/g, I). 

Proof This is a special case of IIOls06al Theorem 1.5] with y = y' = BG and 

z = Z' = s. □ 

Proposition 5.2. Let G ^ S be an fppf group scheme. Then 

ii) Lbg/s ^ D^!i;l\oBG). 

(ii) IfG ^Sis smooth, Lbg/s G D^cL^^bg). 

IfG^ Speck is linearly reductive and T is a coherent sheaf on BG, then 

(iii) Exf{LBG/k,^) = ^fori^-l,^. 

(iv) IfG^ Speck is smooth, Exf {LBG/k^^) = Ofor i ^ —1. 

Proof Part (i) and (ii) follow from the distinguished triangle induced by the com- 
position S BG ^ S as in HAOVOSi Lemma 2.18] with the observation that 
G ^ S is a local complete intersection. Part (iii) is given in the proof of IIAOVOSi 
Lemma 2.17] and (iv) is clear from (ii). □ 



5.2. Proof of Theorem 1. 

Theorem 1. Let X bea locally noetherian Artin stack over a scheme S and £ \X\ 
be a closed point with linearly reductive stabilizer. Let X be the induced 

closed immersion and Xn be its nilpotent thickenings. 

(i) If S = Spec k and there exists a representative x : Spec k ^ X of then 
there exists affine schemes Ui and actions of Gx on Ui such that Xi = [Ui/Gx]. 
If Gx Spec k is smooth, the schemes Ui are unique up to Gx equivariant 
isomorphism. 

(ii) Suppose x : Spec k ^ X is a representative of ^ with image s £ S such that 
k{s) ^ k is a finite, separable extension and Gx Spec A; a smooth, affine 
group scheme. Fix an etale morphism S' ^ S and a point s' e S' with 
residue field k. Then there exists affine schemes Ui and linearly reductive 
smooth groups schemes Gi over S'^ = Spec s//m",''~^ with Gn = Gx such 
that Xn x s S' = [Un/Gn]. The group schemes Gn S'n are unique and the 
affine schemes Un are unique up to Gn-equivariant isomorphism. 

Proof We prove inductively that each Xi is a quotient stack by Gx by deformation 
theory. For (i), let po : Uq = Specfc Xq be the canonical -torsor. Suppose we 
have a compatible family of G2,.-torsors pi : Ui ^ Xi with U affine. This gives a 
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2-cartesian diagram 



Uo- 

Po 



Un 



'1 



I 

Pn-l I Pn 



n-l 



By Corollary 15 ■![ the obstruction to the existence of a G^i-torsor pn : Un ^ Xn 
restricting to p„_i : Un^i X.n~\ is an element 

o G Exti(LrLBG.,/fc'^") = Exti(LBG./fc,2:72:"+i) = 

where / : BGx is the morphism defined by Un-i -^n-i and T denotes 

the sheaf of ideals defining Xq. The vanishing is implied by Proposition I5.2r iii). 
Therefore, there exists a G^-torsor f/„ Xn extending Un-i Xn-i- Since 
Uq is affine, so is C/„ and the G^^-torsor p„ gives an isomorphism Xn = [Un/Gx\- 
Furthermore, if Gx is smooth, this extension is unique by Proposition I5.2r iv). 

For (ii), first choose a scheme S' and an etale morphism S' ^ S such that 
S' xs k{s) = k. Let s' G S' denote the preimage of s and S'^ = SpecOs'^s'/''^^^^- 
The group scheme Gq = Gx ^ Spec k extends uniquely to smooth group schemes 
Gi S'n ( IISGA3[ Expose III, Thm. 3.5]) which by jAlpOSj Prop. 3.9(iii)] are 
linearly reductive. If X' = X x s S', then BGx ^ X' is a closed immersion with 
nilpotent thickenings X^ isomorphic to Xn xsS'. Let po : Uq = Spec k ^ Xohe the 
canonical Gx-torsor which we may also view as a torsor over G„ S'n. Suppose 
we have a compatible family of G„ Sn torsors pi : Ui ^ Xi with Ui affine. This 
gives a 2-cartesian diagram 



Uo 



I 



PO 



Pn-l 



Xq 



I Pn 
Y 

XL 



of Artin stacks over S'n- By Corollarv l5.1l the obstruction to the existence of a 
Gx-torsor pn : Un ^ X!^ restricting to Pn-i ■ Un~i X^_^ is an element 







where / : X!^^^ BGx is the morphism defined by ?7„-i -^n-i- Since the set 
of extensions is H^{BGx,Q J"/J"+^) = 0, there is a unique extension pn : Un ^ 

X'n- □ 

Corollary 5.3. Let X he a locally noetherian Artin stack over Spec k and ^ G 
\X\ be a closed point with linearly reductive stabilizer with representative x : 
Spec/c ^ X of ^. . Then there exists a miniversal deformation (A, ^) of x with 
Gx-action. IfGx is smooth, then this is unique up to Gx-invariant isomorphism. 

Proof The first statement follows directly from the above theorem with the ob- 
servation that lim [/, X is a miniversal deformation. □ 
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Remark 5.4. The action of Gx on Spf A fixes the maximal ideal so we get an in- 
duced algebraic action of Gx on (m/m)^. The miniversality of gives an iden- 
tification of A; -vector spaces ^ : {m/m^Y ^ Fx{k[e]) which we claim is Gx- 
equivariant. 

The map ^ is defined as follows: if r : Specfe[e] Specvl/m^ there is an 
induced diagram 



X ■ 



Spec k ■ 



over 



Spec /c[e] 



SpecA/xn^ 



then ^'(t) = {x ^ The action of G^ on F^(A;[e]) is given in Section 

14:21 Under the identification {m/m^Y ^ Fu,uik[e]) where U = Spec^/m^ and 
u : Spec A; U is the closed point, then G^-action on F{/_„(/c[e]) can be given ex- 
plicitly: If p : SpecB Spec A;, then an element g G Gx{R) gives a i?-algebra iso- 
morphism a^, : A/xn^^kB A/m^iX)fci? and an element G Fu^uik[e]) corresponds 
to a i?-module homomorphism A/xn^ B and g ■ a G Fu^u{k[e]) is the 5-module 

homomorphism corresponding to the composition A/xxi^ 0^3°'-^ A/xn^ ®kB ^ B. 

We also note that if p : Spec B Spec k, then under the isomorphisms given 
in Section 14. 2[ we have a commutative diagram 



FuA^[^]) ®kB 



Fx,xm)'^kB 



Fu,p'u{B[e]) 



Fx^p,x{B[€]) 



where for (r : SpecB[e] ^ U) e Fu,p'uiB[e]), ^eir) = {p*x ^ t*^i). 

For g G Gx{B) and (r : SpecS[e] ^ [/) G Fu,u{B[e]), the pullback of the co- 
cycle 4> ■ cr*(,i (defining the G^-action on ^1) under the morphism (5, id) : 
Speci? XkU Gx ^kU gives an arrow /3 making a commutative diagram 



p^x 



■p X 



over 



We have a commutative diagram 



SpecS 



SpecS Xfc [/ ■ 



SpecS 



SpecS Xfc [/ 



p^x 



■p X 





Spec B 




over 



Speci? 




Spec-B XkU 



Speci?[e] 



SpecS Xfc U 
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where 7 : t*^i {g o t)*^i is the unique arrow making the bottom square com- 
mute. The arrow 7 identifies g ■ ^{t) = {p*x A p*x t*^i) and ^{g ■ r) = {x ^ 
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